Student approaches to generating

mathematical examples
Comparing e-assessment and paper-based tasks

George Kinnear
G.Kinnear@ed.ac.uk

YW @georgekinnear



Example generation:

background

THE UNIVERSITY of EDINBURGH
o School of Mathematics

By
o &y

THE UNIVERSITY of EDINBURGH
#N)/: School of Mathematics
4

s
£
s

&

Comparing e-assessment
with pen and paper

Paola lannone
University of Edinburgh

THE UNIVERSITY of EDINBURGH

e Ben Davies
A Schoolof Mathematics University of Southampton



Example generation:
background

& ng{ % THE UNIVERSITY of EDINBUR
N#N): School of Mathematics
P i



Example generation

‘« . . . Mathematics
an important and effective pedagogical [N ysepens
strategy whose potential is rarely Activity
eprOIted yet WhICh promotes aCtlve Learners Generating Examples

engagement in mathematics” (p. x)

« Sketch a cubic
« ..which does not go through the origin
« ..and which is monotonic

* ..and for which the inflection slope is
negative
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Example generation

Mathematics

Suggested prompts: as a Constructive
Make up an example. ik

Make up an example with some
constraints.

Add constraints sequentially.

Make up another or more like or
unlike this.

Learners Generating Examples




« Randomisation
 Algebraic input

* Robust grading
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ESTACK e-assessment

Give an example of a function with y-intercept 2 and x-

intercept 1.

flz) = 2x22

Check

Your answer is partially correct.
Your function does not have x-intercept 1. Instead, it has x-

intercept(s) ¢ =

2 — z?

V2, £ = /2 as shown below.

3

f(x)

https://stack-assessment.org/About/
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Quadratic intersections

For each case below, type in a quadratic, e.g. 2x~2+3x+1 , whose graph has exactly the given
number of intersections with y = x2. If it is not possible, then enter none .

No intersection: y —

1 intersection: y = c=2

2 intersections: y —

3 intersections: y —

-10 -8 -6 -4 -2 0 2 4 [ 8 10
Check .;
yrax*+bx+c
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Linear algebra

For each box, give an example of a matrix which satisfies the conditions given.

If no such matrix exists, leave blank.

Rank

diagonal

non-diagonal
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Linear algebra

For each of the statement below, select whether it is true or false, and give either a proof or counterexample as appropriate.

Suppose w, x, y are vectors in R3.

@) If {w, z} is independent, then {w, x, x — w} is independent.

This statement is| false =

Counterexample:

If {w, z, y} is independent, then {w, x + y} is independent.

School of Mathematics Jie Xin Ng (2022) https://osf.io/a6k2d/
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Research agenda

Question 53
How can e-assessments be designed to expand and
enrich students' example spaces?

. George Kinnear

§ Colin Foster
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Question 54
To what extent can e-assessments meaningfully judge
student responses to example generation tasks?

. George Kinnear
Chris Sangwin
Tim Lowe

@ Peter Rowlett

Some CAA systems appear well-placed to facilitate example generation tasks, as they can
make use of sophisticated computer algebra systems to check the properties of student
examples and give feedback - however this relies on the properties being ones that the
system can evaluate.

What motivates this question?

Learner-generated example tasks have been suggested as an effective way to encourage
students to engage with new concepts (Watson & Mason, 2006). Checking students’
answers and giving feedback can be a difficult task for teachers, particularly with large
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Question 55

How does the use of e-assessment impact students’
example generation strategies and success, relative to
the same tasks on paper or orally?

’ George Kinnear

What motivates this question?

Students’ strategies have been studied in previous work (e.g. lannone et al., 2011) but
computer-aided assessment brings additional constraints that warrant further
investigation. For instance, students may immediately be able to sketch an example with
the required properties, or orally describe the relevant features, but may struggle to
formulate this as an algebraic expression that is suitable for entry into the CAA system. As a
specific example, they may wish to use a piecewise function but may not know the notation
to use (if it is even possible in a given CAA system).

What might an answer look like?

This would likely require in-depth qualitative investigation of students’ strategies, e.g.
through observations or clinical interviews (as in lannone et al., 2011).
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Studying example generation

G 2 Give the formula for the nth term of a sequence w; , us, us, . . . which is:

« decreasing
Up —

« decreasing and bounded below
T‘LH -

« decreasing, bounded below, and has uy = 1

Up —
( ;4 Drag the points wy, . . . , ug S0 that they show the first 8 terms of an increasing sequence.
5
5 ul u2 _ uld ud us ué u? ud
L
JSKQraph
-5
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Comparing example generation with classification in the
learning of new mathematics concepts

| George Kinnear ©
Answer . incorrect correct
a: increasing 021

creasing and bounded above 022
c: increasing, bounded above, and has uy = 16

G2a: decreasing
G2b: decreasing and bounded below fics
G2c: decreasing, bounded below, and has vy = 1

G3a: increasing, and different from the examples above
ing
ing, and not decreasing

G4a: increasing
Gdb: decreasing
Gde: neither increasing nor decreasing

Q

50 40 30 20 10 O 10 20 30 40 50

Number of responses fn

Brs

Figure 3. Distribution of correct and incorrect first responses to the generation task. ng
cal

support for thi; approach is lacking. Iannone et al. (201 l)‘nmed that “empirical supp})rt for
the hypothesis that example generation aids in concept understanding appears to come

from just seven students” (p. 10), and their own experiment (with 53 students) found
no difference in performance on a proof production task for students who were prompted
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How do students respond to
e-assessment versions of
example-generation tasks?
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Give an example...

Give an example of a function f : [0, 1] — [0, 1] with image |0, %]
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Study 1: Analysing responses

« Embedded in a first-year undergraduate course, Proofs
and Problem Solving

« 2020/21 « 2019/20

* N=333 « N=322

* Week 8 homework » Week 8 “reading test”
(Best 8 out of 10 count (Best 8 out of 10 count

for 25% of course) for 5% of course)
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Written task

1. (a) In each case, draw the graph of a function with the given properties, and label important points:

« f1:[0,1] — [0,1] has image [0, 5].

+ f2 :[0,1] — [0, 1] has image [0, 5] and is not injective.

« f3:]0,1] — [0, 1] is surjective and not injective.

« f4:[0,1] — [0, 1] is injective, not surjective, and passes through (0.2, 0.8) and (0.5, 0.5).

S
". THE UNIVERSITY o, of EDINBURGH
| A g School of Mathematics



"IV
A /.:d

s
£
3
&

STACK version

Drag the points so that the diagram shows the graph of a function f : [0, 1] — [0, 1] with image [O, %]

A
1

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

THE UNIVERSITY chDINBURGH
School of Mathematics

Y

0.1 02 03 04 05 06 0.7 0.8 09 1

Available at https://stack-demo.maths.ed.ac.uk/demo/course/view.php?id=18
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Comparing success rates

STACK

80 80
70 70
60 60 55 52
50 50 43
40 40 35
30 30
20 20
10 10

0 0

(@ (b) (c) (d)
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Task A:

N =

i

: 0, 1]

90%
(258 of 286

correct
responses)
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— [0, 1] has image [0, <]

increasing (n=84) y =x/2 (n=53)
hump /inverted v (n=10) only one point moved (n other (n=19)



Task B: £, :[0,1] — [0, 1] has image [0, 1] and is not injective.

Hoo hump (n=43) flat part (n=50)
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Task C: f3:[0,1] — [0, 1] is surjective and not injective.

= "‘%Tf ‘/ v /7 ; ’/,'/?Z/H 1 7 monotonic (inc) (n=48) zig zag (inc) (n=32)
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TaS k D f1 :[0,1] — [0, 1] is injective, not surjective, and passes through (0.2, 0.8) and (0.5, 0.5).
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Summary of findings

« Students performed better on the written
task than on the e-assessment version

* Greater diversity of examples in written
responses

/?}

N Eﬂ'{ \“.  THE UNIVERSITY of EDINBURGH

NFNV: School of Mathematics
Rt




So what on earth is happening?
Some conjectures...

® Limiting the example space to piecewise
functions only makes the task more difficult.

® The format of the STACK task was unfamiliar.

®@ Students tried harder on the handwritten task.

® Timing and assessment context...
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Study 2: Interviews with students

* \olunteers recruited from the same
course in 2021/22

e 11 students e 8 students

* In person, video * Via Teams, with shared
recorded screen recorded
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Example generation strategies

Trial and error Transformation Analysis

Isolate desired features and
deduce the conditions they
impose on examples, and
gradually refine

Recall or otherwise generate
examples and test whether they

Start with an example which fits

some part of the properties then
make changes to bring it closer

have the desired property
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Antonini (2006); adapted from Edwards and Alcock (2010)



Do the students use different strategies?

Transformation Definition Analysis

\4  “In that box there”

\ - .-
i-ﬁf-— 1

1
; > XL
o} '
07
06 ™
RN R
= \
02 \
17010203 04 05 06 07 08 09 2 i—*?— - .- .“
X > L
ol '

it
<4 N~ THE UNIVERSITY gFEDIl\. s |
NN School of Mathematics

& —— %




Do

the students use different strategies?

Paper STACK

Trial and error used

(o]

Number of participants
(o]

eflnltlon Analy

more often on STACK
Transformatlon
SIS I

Task 1 Task 2 Task 3 Task 4 Task 1 Task 2 Task 3 Task 4



Initial thoughts

« E-assessment format adds challenge
— Using the interface
— EXpressing answers

— Encouraging strategies that seem to be less
effective

« Some of the challenge may be helpful (e.q.
drawing attention to piecewise functions)
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Thank you!
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